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Aerodynamic and Structural Resonance of an Elastic Airfoil
Due to Oncoming Vortices
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Aerodynamic and structural resonance of an elastic airfoil in a uniform stream with oncoming vortices was
investigated experimentally and numerically. An experiment was designed to create two parallel rows of vortices
that serve as external excitation for the symmetric airfoil (NACA 0012). The vortices were produced by two identical
side-by-side circular cylinders of diameter D in a uniform stream located at a fixed distance ahead of the airfoil.
The whole arrangement was placed symmetrically about the midplane in the test section of a wind tunnel. Reynolds
numbers ranging from ∼8 ×× 104 to ∼2 ×× 105 were selected because the Strouhal number was essentially constant
in this range. A range of D was selected to provide a corresponding range of shedding frequencies fs that could
lead to both aerodynamic and structural resonance of the airfoil. A hot-wire anemometer and a dual-beam laser
vibrometer were used to measure the wake pattern and the vortex convection velocity, and the airfoil response,
respectively. The airfoil displacement amplitude at structural resonance increases by many fold compared to its
value far away from resonance and the airfoil goes into a limit-cycle oscillation behavior. As D decreases, near-
aerodynamic resonance is also observed. These results were used to verify a boundary element method (BEM)
developed to treat vortex–airfoil interaction problems. Aerodynamic and structural resonance of an elastic airfoil
in a uniform stream with oncoming vortices was correctly replicated by the BEM, thus showing that the BEM
model is appropriate for fluid–structure interaction problems.

I. Introduction

A N UNDERSTANDING of turbine blade failure due to flut-
ter and forced vibrations is of fundamental importance to the

design of turbomachines and their operations. Flutter occurs as a re-
sult of self-excited oscillations created by blades extracting energy
from a uniform stream.1 On the other hand, externally applied forces
and/or flow-induced forces created by nonuniformities in the flow-
field (such as vortices shed from an upstream blade row) will give
rise to forced vibrations of the blades. For turbine blades in a tur-
bomachinery environment, the blades are subject to both flutter and
forced-induced vibrations with nonuniformities in the flow derived
from several sources: the wake in the preceding blade row, com-
bustion or burner distortions, struts, bleeding slots and ports, and so
on. When the frequencies of the external and/or flow-induced forces
are close to the structural modes of blade vibration, resonance could
result.2 In this case, the blade dissipates energy into the flow and
this could lead to catastrophic consequence in the turbomachine.3

Considerable effort has been made in the past to study flutter, and
this gave rise to a fairly good understanding of the flutter problem.4,5
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However, the same cannot be said about the forced-vibration phe-
nomenon. This problem is complicated by the fluid–blade interac-
tions, which affect the fluid–blade system damping and the modal
characteristics of vibrations.

A time marching technique has been used to analyze fluid–blade
interactions in a uniform flow with and without constant vorticity.5

The analysis reveals that flutter does not lead to drastic failure; in-
stead the blade would go into limit-cycle oscillation (LCO) whose
amplitude depends to a large extent on structural nonlinearity. The
case where two parallel rows of alternating vortices are superposed
on the uniform flow has been numerically investigated by So et al.6

where free and forced vibration of the blade are examined simul-
taneously. They found that under certain conditions, depending on
the ratio of the blade chord length c and the vortex separation dis-
tance d, aerodynamic resonance could result aside from structural
resonance where the frequency of the oncoming vortices is close
or equal to the natural frequency of the blade. In their theoretical
model, they assumed that the vortices of the top and bottom row are
released at distance of d/2 apart, thus ensuring that the alternating
vortices are always separated by d/2. A boundary element method
(BEM) was used to carry out the analysis where the uniform flow
was superposed with discrete vortices. The method has been veri-
fied against the flutter calculations of Hall4 but not against actual
measurements of blade aerodynamic and structural response in a
uniform flow with alternating vortices.

The BEM analysis of So et al.6 compared the flow-induced vibra-
tion responses of a NACA 0012 airfoil and a high-loading T1 turbine
blade with no twist. Their BEM results reveal that aerodynamic and
structural resonance occurs at identical resonant c/d ratios, regard-
less of the profile geometry and mean aerodynamic loading of the
blade. This suggests that their predictions are applicable to different
blade profiles at various angles of attack along the span of the blade.
In an actual turbine blade disk, the blade is twisted and surrounded
by a number of neighboring blades. The results of a single-blade
analysis may not sufficiently represent the fluid–blade interactions
in a cascade where the occurrence of aerodynamic and structural
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resonance may depend on the combination of c/d and blade pitch.
However, from the point of view of the central blade, the presence
of the neighboring blades may be considered a different boundary
condition for the BEM analysis of the forced-vibration problem.
Therefore, once the BEM results of forced vibration in free space
are verified, the analysis can be readily extended to study fluid–blade
interactions in a cascade. This has been carried out by Lau et al.7 The
effect of twist has to be dealt with in a three-dimensional formulation
of the problem and cannot be treated in a two-dimensional approach.

The aim of this work is to devise an experiment to investigate the
aerodynamic and structural response of a single blade subject to the
passage of two parallel rows of vortices superposed on a uniform
stream where the vortex release separation distance is not necessar-
ily equal to d/2. Therefore, the objectives of this experiment are
twofold: the first is to explore the effect of this separation distance
on the blade aerodynamic response, and the second is to validate the
BEM. According to So et al.,6 aerodynamic resonance will occur
when c/d = 0.5, 1.5, 2.5, and so forth, assuming the vortex release
separation distance is d/2. The vortex separation distance d is related
to the vortex convection velocity Uc and its frequency of release fr

by d = Uc/ fr . If d were to be varied in the experiment, this means
that Uc/ fr has to vary by either changing Uc or fr or both. One
way to do this is to place the blade behind a circular cylinder where
the frequency of the shed vortices fs can be varied by changing the
freestream velocity. In this case, fr will be identical to fs and the
release separation distance is d/2. Another way is to symmetrically
place a blade behind two side-by-side cylinders and to change cylin-
der diameter D or freestream velocity U∞ to achieve a variation in
fs . In this case, the vortex release separation distance could vary
from zero to a finite value (not necessarily d/2) provided the vortex
streets behind the two cylinders are not synchronized.

When a cylinder is exposed to a crossflow, a Kármán vortex
street (KVS) with alternating vortices is formed and shed behind
the cylindrical body. The reduced frequency of vortex shedding, or
Strouhal number Sr = fs D/U∞, has been studied over a broad range
of Reynolds numbers, Re = U∞ D/ν, from approximately 50 to 106

and even higher,8 where ν is the fluid kinematic viscosity. Further-
more, the mechanics of vortex formation has been closely examined
by numerous researchers using hot-wire anemometry, flow visual-
ization, and numerical modeling.9−11 It is generally agreed that the
vortex formation region has an important role in vortex shedding
and its frequency fs . Roshko12 showed that fs increased when the
scaled formation region was reduced. On the other hand, Nakagawa
et al.13 found that decreasing the area of the vortex formation region
could lead to an increase in fs and vice versa. It has also been shown
by Roshko12 and Gerrard14 that fs was modified when a splitter plate
was placed in the near-wake region. This arrangement, in essence,
varies the length of the vortex formation region. There is no com-
mon definition for the vortex formation region. Some researchers
defined it as the distance between the cylinder and the maximum of
the wake velocity fluctuation at twice fs . Other definitions12,14,15−17

were based on the distance between the cylinder and the minimum
of the mean pressure on the wake axis, or the distance between the
cylinder and the maximum of the wake velocity fluctuation at the
fundamental shedding frequency.

These studies have shown that it is possible to vary fs by con-
trolling the vortex formation region. Numerous methods have been
proposed based on this understanding to reduce the effect of vortex-
induced vibrations. Splitter plate, spoiler plates, helical strake, and
periodic rotation of the cylinder are some of the more commonly
used passive control methods.2 Besides, numerous studies have also
been carried out on a cylinder/splitter plate arrangement to inves-
tigate the effect of the splitter plate on Sr. For example, Ozono18

conducted an experiment similar to that of Roshko12 in which a
splitter plate was placed at a gap distance S behind a circular cylin-
der and at Re ranging from 6.7 × 103 to 2.5 × 104. It was found
that when the gap distance was decreased to a critical length, both
the base suction pressure coefficient and Sr decreased rapidly and
increased again slightly when the gap was decreased beyond this
critical length. This phenomenon could be attributed to the elonga-
tion of the vortex formation length behind the cylinder. A similar

result has also been observed by Hasan and Budair19 on square and
circular cylinders.

Nakagawa et al.20 replaced the thin splitter plate with a slender air-
foil and discussed how the vortex shedding process was influenced
by the spacing between the square cylinder and the downstream
airfoil in the Re range of 0.7 × 105 to 3 × 105. Besides observing a
jump in Sr at the critical length, flow visualization also revealed that
when the airfoil was at or within the critical length the separating
shear layers from the upstream square cylinder reattached to the
downstream airfoil. Once the spacing became greater than the criti-
cal value, the airfoil did not have any significant effect on the vortex
shedding process of the square cylinder. The dynamic response of
a symmetric airfoil behind a single cylinder has been investigated
experimentally and numerically using BEM.21 In this experimental
setup, the vortex release and alternating vortex separation distance is
d/2 as stipulated in the model of So et al.6 Good agreement between
model predictions and measurements was obtained.

Parallel rows of vortices can be generated by considering the flow
around two cylinders in a side-by-side arrangement. The behavior
of this type of flow has been investigated extensively in the past.22

Most of the work concentrates on examining the interference be-
tween cylinders and its effect on the mean drag and lift. Studies
on vortex formation and the wake pattern have been carried out by
Landweber,23 who observed a single vortex street for T/D ≤ 1.5
and two distinct vortex streets for T/D > 2, where T is the sepa-
ration distance measured between centers of the cylinders. Similar
findings were obtained by Spivac,24 who measured two different
frequencies in the wake for T/D < 2 and a single frequency for
T/D > 2. Flow visualization of the wake behind two side-by-side
cylinders using a schlieren optical method25 revealed symmetric
vortex formation and shedding for T/D = 2.5 and 3.0 but a biased
gap flow for 1.5 < T/D < 2. Together, these studies show that two
separate KVSs with the same shedding frequency are formed behind
two cylinders in a side-by-side arrangement if T/D ≥ 3. Again, fs

can be varied by changing D or U∞.
Ideally, the KVSs shed from two side-by-side cylinders with

T/D ≥ 3 are in phase, have a single fs , and are aligned in the ver-
tical direction. The KVS shed from the top cylinder is denoted as
KVS1 and that below as KVS2. Assuming this ideal situation to be
true, the vortices from the two KVSs would impinge on the blade
simultaneously at the same chord location on its top and bottom
side, thus canceling the effect of vortex impingement if the blade is
symmetrically placed between the two KVSs. Because vortex shed-
ding is an unsteady phenomenon, the shedding process is affected
by numerous factors. Some of these are related to cylinder surface
finish, steadiness of the approaching stream, behavior of the front
stagnation regions, and freestream turbulence. Therefore, the two
KVSs are most likely not completely synchronized. The lack of
synchronization will result in a time lag between KVS1 and KVS2,
and this will translate into a separation distance xr between the start-
ing vortices shed from the bottom row of KVS1 and the top row of
KVS2. It is anticipated that xr , no matter how small, could change
the dynamic response of the blade. Therefore, an experiment with
c, S, and T fixed could be carried out to investigate the effect of
xr on blade response with xr and fs varying. The latter can be var-
ied by changing D whereas the variation of xr is a function of the
aerodynamics around the two side-by-side cylinders.

II. Experimental Details
From the preceding discussion, it is clear that two side-by-side

cylinders would be an appropriate setup used to generate two parallel
rows of vortices to replicate the theoretical conditions.6 Therefore,
an experiment was designed with an airfoil to represent the blade
placed symmetrically behind two identical cylinders in a side-by-
side arrangement in a crossflow at T/D ≥ 3 to investigate the aero-
dynamic and structural response of the airfoil. The oscillation of the
airfoil derived from the shed vortices of the upstream cylinders can
be examined in detail by varying D and, hence, fs . The vibration
induced on the airfoil would be very small in airflow. Therefore,
it could be argued that the experiment would not be able to pro-
vide useful data on airfoil vibration even if the airfoil structural
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Fig. 1 Schematic diagram of the two coupled side-by-side circular
cylinders/airfoil system.

property is selected to give as small a finite stiffness as possible.
However, modern optical diagnostic techniques are able to resolve
vibration amplitude accurately down to 10−5 m. Once measured, the
displacement signals can be used to extract frequency and damping
ratio information26 concerning the interaction phenomenon and the
possible occurrence of resonance. The data thus obtained could be
used to verify the BEM. Details of the experimental setup and mea-
surement techniques are briefly described in the following sections.

A. Wind-Tunnel Setup
A schematic diagram of the cylinder/airfoil setup in the wind

tunnel is shown in Fig. 1, where the cylinder/airfoil assembly was
symmetrically placed along the midplane of the test section of the
CLP Wind Tunnel Facility of the Hong Kong University of Science
and Technology. The overall dimensions of the tunnel are 61.5 m
long, 16.5 m wide, and 7.5 m high. There are two major sections, a
low-speed section and a high-speed section. The experiment was set
up in the high-speed-section area behind a contracting section where
the turbulence intensity and wall boundary-layer thickness were rel-
atively small. The test section has a cross section 3 m wide, 1.8 m
high, and 2 m long. The section was partitioned to 590 mm height to
fit the test model. The turbulence intensity in the central core of the
test section was measured to be approximately 0.2% over the range
of freestream velocity tested. Therefore, the freestream turbulence
effect on the aerodynamic and structural response of the airfoil is
minimal. The velocity in the test section was controlled by adjusting
the fan speed, and the maximum velocity was approximately 33 m/s.
In the present experiment, the freestream velocity U∞ was fixed at
30.3 m/s, thus giving a Re range of 7.7 × 104 to 2.05 × 105 based
on D.

B. Vortex Generators
Two identical hollow circular cylinders with outer diameter D

were used to generate the alternating vortices upstream of the airfoil.
The cylinders were fixed mounted at both ends and in side-by-side
arrangement with a fixed separation T = 0.305 m, where T was
measured from center to center. From Fig. 1, it can be seen that,
given a fixed configuration and a constant U∞, the parameters fs ,
b1, b2, b3, b4, d, and � are fixed for a given D. The vortex separation
distances in the x and y directions are given by d and b1, b2, b3, b4,
respectively, where the x axis is taken to be the symmetry axis of the
side-by-side cylinders and y is the normal coordinate. The origin of
x and y is set at the leading edge of the airfoil. The vortex strength
� and d are not independent and they are set once D is chosen.
Setting T equal to a constant has its advantage. In the course of the
experiments, it was found that keeping T constant at T/D ≥ 3 would
allow the distance between the airfoil and its closest rows of vortices
to become approximately constant (i.e., b1 = b3 = constant), thus
minimizing the effect of the distance between vortex and airfoil and
helping to eliminate this variable as another parameter that could
affect the airfoil response to vortex impingement. This way, the two

Table 1 Properties of the airfoil

Quantity Notation Value

Chord length c 0.2 m
Span b 0.5 m
Centroid —— 0.42c
Shear center —— 0.37c
Material —— Polyurethane
Density ρ 770 kg/m3

Mass m 1.3 kg
Mass ratio m∗ 640
Mass moment of inertia I 0.00284 kgm2

Bending stiffness EI 66.5 Nm2

Torsion stiffness GJ 114 Nm2

Natural frequency in vacuo: bending fb 73 Hz
Natural frequency in vacuo: torsion fθ 200 Hz
Damping ratio: bending ζ b 0.016
Damping ratio: torsion ζ θ 0.021

parallel rows of vortices specified in the analysis of So et al.6 can be
duplicated and the parameter c/d could be varied by changing D.

The cylinders have a wall thickness of 1.59 mm and a diameter D
that varied from 38.1 to 101.6 mm (Table 1). This choice of D was
selected to approximately give b1 = b3. Blockage due to the largest
cylinder was estimated to be 3.4%. Therefore, tunnel blockage effect
on the mean drag and vortex shedding could be considered minimal
and no corrections were made in the experiments.27 Various prop-
erties of the cylinders were summarized in Table 1. The cylinder
stiffness EI varies from 1.25 × 105 Nm2 for the largest cylinder to
2.22 × 103 Nm2 and its corresponding natural frequency fc from
1825 to 686 Hz. The natural frequency was determined from impact
tests conducted in still air. The reduced velocity Ur was calculated
to vary from 0.163 to 1.16. If a two-degree-of-freedom (2-DOF)
structural dynamics model is assumed for the cylinder vibration at
its midspan, it can be shown that the normalized equation of motion
would lead to negligibly small displacement amplitude when Ur is
very small.2,28,29 Therefore, vortex-induced vibration of the cylin-
der is insignificant and the cylinders can be essentially considered
rigid. This conclusion is further substantiated if the natural bend-
ing frequencies of the cylinders and the airfoil are compared. From
Tables 1 and 2, the ratio of cylinder to airfoil bending frequency is
calculated to vary from 9.4 to 25. This choice was built into the ex-
perimental design so that the dynamic response of the airfoil alone
was investigated and the effect of cylinder vibration on the airfoil
response could be reduced to a minimum.

C. Airfoil Arrangement
A symmetric NACA 0012 airfoil was chosen for this investi-

gation. It was positioned to give a zero angle of attack with re-
spect to the x axis and was placed at S = 0.203 m downstream of
the two side-by-side cylinders. This separation distance was main-
tained constant for all experiments. Only the cylinder diameter D
was varied. The chord length c and span b of the airfoil were 0.2 and
0.5 m, respectively. The centroid and shear center were located at
0.42c and 0.37c, respectively, from the airfoil leading edge. To fab-
ricate an elastic airfoil for vibration measurement, a polyurethane
modeling board, with density ρ = 770 kg/m3 and elastic modulus
E = 1.2 GPa, was used to make the airfoil. The airfoil was fixed
mounted at both ends in the test section, and the bending and torsion
stiffness were estimated to be EI = 66.5 Nm2 and GJ = 113 Nm2,
respectively. The natural frequencies of bending and torsion were de-
termined to be 73 and 200 Hz, respectively, from impact tests in still
air. The corresponding damping ratios were estimated to be 0.016
and 0.021. Structural properties of the airfoil are summarized in
Table 2.

D. Measurement Techniques
A Polytec OFV-3001/OFV-502 dual-laser vibrometer system was

used to measure the vibration of the airfoil. The bending mode vibra-
tion Y was measured by pointing a single laser beam at the midspan
of the airfoil at the aerodynamic center. The torsion vibration θ was
measured by pointing the laser beams at two points along the chord,
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Table 2 Properties of the circular cylinders

Natural frequency
Outer diameter Inner diameter Mass Mass ratio Bending stiffness in vacuo: bending Reduced velocity Reynolds
D, m Di , m mc , kg m∗

c Ec Ic , N/m2 ( fY 1)c , Hz (Ur )c number Re

0.1016 0.0984 2.31 387 1.25 × 105 1825 0.16 2.05 × 105

0.0889 0.0826 3.97 866 1.57 × 105 1565 0.22 1.80 × 105

0.0762 0.0730 1.73 513 5.18 × 104 1361 0.29 1.54 × 105

0.0635 0.0603 1.43 613 2.96 × 104 1130 0.42 1.28 × 105

0.0508 0.0476 1.14 761 1.49 × 104 898 0.66 1.03 × 105

0.0381 0.0349 0.29 346 2.22 × 103 686 1.16 7.70 × 104

Fig. 2 Schematic showing the definition of xr, the separation distance
between the starting vortices from KVS1 and KVS2.

one at the aerodynamic center and another at 180 mm from the
leading edge, which measured the differential at these two points.
The vibrometer system was connected to a 12-bit A/D converter,
and the sampling frequency was set at 1 kHz. The uncertainty of the
measurement was estimated to be ±3%.

The shedding frequency fs was measured by an IFA-300 constant-
temperature anemometer system using a single wire to detect the un-
steady stream velocity u in the cylinder wake. The hot-wire probe
was placed at y = 170 mm away from the leading edge of the airfoil
to measure the vortex shedding frequency from the upstream cylin-
der. In addition, the hot wire was used to measure the separation
distances of the vortices by traversing along the y direction starting
from the leading edge of the airfoil. The sampling frequency was
set at 1 kHz and the uncertainty in the flow velocity measurement
was estimated to be less than ±1%. Thus, knowing the shedding
frequency and the vortex separation distance, the vortex convection
velocity can be deduced.

Even though the vortex streets behind the identical cylinders are
essentially the same, there might be a time lag between the two
KVSs. This time lag will in turn lead to a separation distance xr be-
tween the top and bottom rows of vortices in the two KVSs (Fig. 2)
and can be measured by positioning two hot wires downstream of the
side-by-side cylinders. The hot wires were located at x = 180 mm
downstream of the cylinder centers and one on each side of the x
axis. As for the y location, it was fixed at y = ±0.45D and varied
from one setup to another. The two hot-wire signals were recorded
simultaneously and they were analyzed to determine the phase dif-
ference and the time lag. Once the time lag is known, the separation
distance xr can be determined.

The analog signal from the dual-laser vibrometer was digitized
using a 12-bit A/D converter connected to a personal computer.

Table 3 Shedding frequency generated by circular cylinders
of different diameters

D, m T/D U∞, m/s Re fs , Hz Sr = fs D/U∞

0.1016 3.002 30.3 2.05 × 105 54.7 0.183
0.0889 3.431 30.3 1.80 × 105 62.5 0.183
0.0762 4.003 30.3 1.54 × 105 71.3 0.182
0.0635 4.803 30.3 1.28 × 105 85.0 0.178
0.0508 6.004 30.3 1.03 × 105 108.0 0.181
0.0381 8.005 30.3 7.70 × 104 146.0 0.184

Analysis in frequency domain was carried out using conventional
fast Fourier transform (FFT) software, and the spectrum resolution
was estimated to be � f = 0.122 Hz. For the hot-wire anemometer
measurement, the velocity signals were analyzed using conventional
FFT software with an estimated � f = 0.977 Hz. These frequency
resolutions are sufficient to allow the variation of the system natural
frequencies due to fluid–structure interaction to be determined with
confidence.

III. Results and Discussion
To achieve the stated objectives, the vortex pattern behind the

cylinders has to be known, and the airfoil response needs to be an-
alyzed to determine whether aerodynamic and structural resonance
occur within the range of parameters investigated. Once these results
are available, the vortex pattern is used as inputs to the BEM and
its predictions can be compared with the measured airfoil response.
Therefore, the results and discussion that follow are divided into
three subheadings; namely, Vortex Pattern, Airfoil Response, and
BEM Predictions.

A. Vortex Pattern
Analysis of the single hot-wire measurement at a fixed x and

y location yields the shedding frequency fs for a given U∞ and
D. This is obtained by examining the calculated velocity spectrum.
The location of the dominant peak in the spectrum is the shedding
frequency. Thus deduced, the results for the six different cylinders
tested are given in Table 3 together with the calculated Strouhal
number, Sr = fs D/U∞. It can be seen that Sr in the Re range tested
is indeed constant. The error amounts to about 2%; that is, the error
in determining fs is also about 2%.

The hot-wire traverse along the y direction in the plane of the
airfoil leading edge is used to deduce bi and the vortex convection
velocity Uc. Only the u component of the velocity vector was mea-
sured. Plots of the mean velocity U for the six different D tested
are shown in Fig. 3, and plots of the root mean square u, urms, are
given in Fig. 4. The origin of Figs. 3 and 4 represents the location
of the leading edge of the airfoil. If the center of the vortex is taken
to be the location where urms is a maximum, then the time-averaged
position of the alternating vortices for a given D can be determined
from Fig. 4. The corresponding distance along the horizontal axis
of Fig. 4 represents the distance between each row of vortex and
the airfoil. With these locations known, the velocity at these corre-
sponding locations is the convection velocity of the vortices Uc for
a particular D. Ideally, Uc should be the same for KVS1 and KVS2.
Only Uc of the bottom row of KVS1 and the top row of KVS2 are
evaluated. Once Uc is known, d = Uc/ fs can be determined. These
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Table 4 Properties of the two rows of vortices passing by the airfoil

D, m Uc1/U∞ Uc2/U∞ Ucm/U∞ c/d1 c/d2 c/dm b1/c, b3/c b2/c, b4/c xr /dm = χ/2π �/U∞c

0.1016 0.716 0.639 0.678 0.504 0.565 0.535 0.735 1.495 0.2055 0.480
0.0889 0.681 0.671 0.676 0.606 0.615 0.611 0.735 1.400 −0.0223 0.574
0.0762 0.688 0.634 0.661 0.684 0.742 0.713 0.735 1.305 0.0302 0.689
0.0635 0.709 0.664 0.687 0.791 0.845 0.818 0.730 1.205 −0.2338 0.767
0.0508 0.712 0.655 0.684 1.001 1.088 1.045 0.735 1.112 0.0408 0.863
0.0381 0.731 0.713 0.722 1.318 1.352 1.335 0.750 1.025 0.1040 0.990

Fig. 3 Variation of the mean velocity U behind the side-by-side cylin-
ders in the y direction: �, D = 38.1 mm; �, D = 50.8 mm; �, D = 63.5 mm;
�, D = 76.2 mm; �, D = 88.9 mm; ∗, D = 101.6 mm.

Fig. 4 Variation of turbulence intensity (urms/U∞) behind the side-
by-side cylinders in the y direction: �, D = 38.1 mm; �, D = 50.8 mm;
�, D = 63.5 mm; �, D = 76.2 mm; �, D = 88.9 mm; ∗, D = 101.6 mm.

results are tabulated in Table 4 for reference and for use as inputs to
the BEM calculation. In Table 4, Uc is labeled with a subscript 1 or
2 to indicate whether it is determined from KVS1 or KVS2, respec-
tively. Similarly, the corresponding subscript in d also denotes the
vortex separation distance of KVS1 and KVS2. It can be seen that
b1/c = b3/c = 0.735 and the value is essentially constant for the six
cases tested. In other words, the design objective of the test model
has been accomplished. Furthermore, it shows that the cylinders are
far enough apart not to have any influence on the wake pattern of
the neighboring cylinder. The c/d ratio is not identical for the two
KVSs for the six cases tested. The difference varies from about 2%
for the smallest cylinders to about 10% for the largest cylinders. For
the sake of calculations, the average of d1 and d2 can be specified as
the input dm for the BEM. Once these parameters are known, they
can be used as inputs to the KVS theory to determine � (Ref. 30).

Fig. 5 Cross spectrum of the two u velocity measurements behind the
cylinders with D = 0.0762 and fs = 71.3 Hz.

Fig. 6 Phase plot of the two velocity signals behind the side-by-side
cylinders with D = 0.0762 and fs = 71.3 Hz in a narrow range of f /fb.

The values of � thus determined are listed in Table 4 as �/U∞c. It
can be seen that the smallest cylinders give the strongest circulation
for the shed vortices.

The position of the starting vortices is also required as an input
to the BEM. In the present case, this is equivalent to evaluating
xr , the vortex release separation distance between the top and bot-
tom KVSs. This can be determined from the equation xr = χd/2π ,
where χ is the phase difference between the velocity signals eval-
uated at fs . The velocity signals were measured by the two hot
wires located downstream of the cylinders and symmetrically placed
about the x axis. This phase difference can be deduced from the
cross-spectral-density plots calculated from the two hot-wire sig-
nals using MATLAB. In all calculations, the signal from the hot
wire located behind cylinder 2 is used as a reference. A plot of the
cross spectrum for the case where D = 0.0762 m and fs = 71.3 Hz
(Table 4) is shown in Fig. 5. The frequency axis in this figure
is normalized by fb. The two velocity signals are highly corre-
lated around fs because it is essentially equal to fb. A magni-
fied phase plot around fs/ fb = 1 is shown in Fig. 6 to identify
the correct phase lead (or lag) χ/2π at fs ; thus determined, it is
used to calculate xr . The results of xr/dm = χ/2π are also listed
in Table 4.
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Fig. 7 Power spectral density plots of Y of the airfoil at different fs.

It is obvious that the KVSs shed from cylinders 1 and 2 are inde-
pendent of each other and are essentially the same for all D and Re
tested. However, the two KVSs are not synchronized and there is a
time lead (or lag) between the two. The resulting vortex separation
distance thus determined essentially defines the release position of
the starting vortices and forms a part of the inputs for the BEM
calculation.

B. Airfoil Response
The measured plunging displacement Y and pitching angle θ time

series are analyzed using MATLAB. From the analysis, the power
spectral density plots (Figs. 7 and 8), the root mean square values
(Y/c)rms and θ rms (Figs. 9 and 10), and the energy content of the
power spectral density plots (Fig. 11) are deduced. It can be seen
from the power spectral density plots of Y that the airfoil was excited
at fb only, the natural bending frequency of the airfoil, when the
shedding (or vortex excitation) frequency fs was near or greater than
fb. As the excitation frequency fs decreases below fb, another peak
begins to emerge in the power spectral plots. This peak becomes very
prominent when fs is reduced to 62.5 Hz and is even more so when
fs = 54.3 Hz. From Table 4, it can be seen that c/d for the two KVSs
shows a declining value as fs decreases even though it is different
for KVS1 and KVS2. Consequently, the airfoil sees two parallel
rows of vortices with two different values of d . The normalized
c/d for the top row is c/d1 = 0.504 and that for the bottom row
is c/d2 = 0.565 for the case where fs = 54.7 Hz. Nevertheless, the
approach to aerodynamic resonance, where c/d = 0.5 as predicted
by the model of So et al.,6 is slowly realized. Therefore, the second
peak in the power spectral density plots of Y (Fig. 7) can be said
to represent the near-aerodynamic resonance response of the airfoil
under the conditions set up in the experiment. There is another peak
occurring at around f = 18 Hz for the two cases where fs = 108
and 146 Hz. This low-frequency contribution is most likely coming
from wind-tunnel wall vibration due to the axial flow fan. Another

indication of near resonance can be gleaned from the phase plane
plots of Y . The plot for the case where fs = 54.7 Hz is shown in
Fig. 12. The circular behavior of the plot indicates LCO, a fact
consistent with the analysis of So et al.6 For true resonance, the
phase plane plot would show only one circle. The multiple circles
indicate that it is near resonance.

The power spectral density plots of θ show multiple peaks, one at
fb, another at fθ , and a relatively more prominent one at f = 54.7 Hz
(Fig. 8). For the fs = 71.3 Hz case, there is only one peak and
that occurs at fb. Because the excitation frequency for this case
is very close to fb = 73 Hz, structural resonance occurs. This is
why all other responses are not evident relative to the structural
resonance response in the power spectral density plot, not even that at
fθ = 200 Hz. For the fs = 54.7 Hz case, a relatively more prominent
peak is noticed at f = 54.7 Hz, which is further evidence that a
near-aerodynamic resonance response is occurring at this frequency.
The response at the excitation frequency is evident in Fig. 8 for all
other cases; however, the peak is not as prominent as that for the
fs = 54.7 Hz case. From Figs. 7 and 8, it can be observed that the
pitching effect on the plunging response is essentially nonexistent,
but the same is not true for the effect of plunging on the pitching
response. Again, the peaks noted in the region f ≤ 20 Hz could be
attributed to tunnel-wall vibration.

The occurrence of structural and near-aerodynamic resonance is
further supported by examining the distribution of (Y/c)rms and θ rms

vs f/ fb. These plots are given in Figs. 9 and 10, respectively. Two
peaks are observed in these two figures, one at f/ fb ≈ 1 and another
at f/ fb ≈ 0.75. These two peaks correspond to structural and near-
aerodynamic resonance of the airfoil. Finally, a plot of the energy
content of the spectra, obtained by integrating the area under the
power spectral density plots, is shown in Fig. 11. Clearly, there is a
large jump at f/ fb ≈ 1 and a smaller increase at f/ fb ≈ 0.75. This
is further evidence that true aerodynamic resonance has not quite
been reached yet.
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Fig. 8 Power spectral density plots of θ of the airfoil at different fs.

Fig. 9 Variation of (Y/c)rms with f /fb: �, experimental data and �,
BEM predictions.

C. BEM Predictions
In considering fluid–structure interaction problems, three calcu-

lation areas are of concern. The first is the flowfield calculation,
the second is the structural dynamic calculation, and the third is the
consideration of the fluid–structure interaction whereby the chang-
ing boundary conditions due to the motion of the structure are fully
accounted for in the calculation of the flow and, in turn, the chang-
ing aerodynamic loading on the structure is taken into account in
the solution of the structural dynamic equations. A time marching
technique to treat this problem has been proposed by Jadic et al.5

and has been used by So et al.6 to calculate fluid–blade interaction
with oncoming vortices in the freestream. The technique simulated

Fig. 10 Variation of θrms with f /fb: �, experimental data and �, BEM
predictions.

the structure using sources and vortices, solved the vorticity trans-
port equation using the method of fractional steps,31 and assumed a
2-DOF model for the structural dynamics.

In the flowfield calculation, the flow is assumed to be inviscid and
incompressible. Therefore, the starting point of the technique is the
unsteady vorticity (ω = ∇ × V) equation, which can be derived by
taking the curl of the Euler equation. The vortices in the flow can
be assumed to be conveyed by the inviscid flow with the vorticity
frozen while conveying. In other words, the circulation � around a
given material curve is taken to remain constant during a time step
δt. In mathematical terms, it can be expressed as
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Fig. 11 Variation of bending energy EY of the airfoil with f /fb: �,
experimental data and �, BEM predictions.

Fig. 12 Phase plane plot of the bending response of the airfoil under
vortex-induced excitation at fs = 54.7 Hz.

xv
i (t + δt) = xv

i (t) + V0

[
xv

i (t), ωi (t)t
]
δt, i = 1, 2, . . . , N

(1)

where ωi (t) is the strength of the i th vortical element, xv
i (t) is the po-

sition vector of the i th vortical element, N is the number of vertical
elements, and V0 is the convective velocity. Here, a boldface letter is
used to represent vector. The set of Eq. (1) is an explicit finite differ-
ence form of the differential set of equations that track the position
of a certain vertical element to the velocity of the inviscid flow at that
particular position. A distribution of sources and discrete vortices
can be used to simulate the flow around the structure. The boundary
condition requires the flow to be tangent to the surface of the struc-
ture and the far-field velocity is given by V0 = V∞ + Vω, where Vω

is the rotational part of V0 and V∞ is the freestream velocity. In the
present study, V∞ is assumed to be represented by iU∞, where i is
taken to be the unit vector along the x axis. The BEM is used to solve
the boundary equations, which yield the distribution of sources and
vortices on the structure surface. Then, successively, the flow veloc-
ities and pressure distributions are calculated.32 Once the unsteady
velocity and pressure field, V and p, respectively, are known, the
unsteady forces on the structure can be determined by integrating
the surface pressure around the structure. In this formulation, the
flow is attached to the structure surface and a free-wake model is
assumed.33

The dynamic response of the structure is governed by a set of
ordinary differential equations if the structure is approximated by

lumped masses. However, if a 2-DOF model is assumed, the dy-
namic equations for the airfoil/blade can be written as

mŸ − ma cos θ(θ̈) + kY Y + ma sin θ(θ̇2) = L (2)

I θ̈ − ma cos θ(Ÿ ) + kθ θ = M (3)

where L and M are the unsteady lift and moment acting on the air-
foil/blade, m is the mass of the airfoil/blade section per unit spanwise
length, I is the moment of inertia of the airfoil/blade section, and kY

and kθ are the bending and torsional stiffness. If the pitching angle
is small, cos θ ≈ 1 and sin θ ≈ 0, and Eqs. (2) and (3) can be reduced
further.

Finally, fluid–structure interaction is accounted for through iter-
ation at each time step of the flowfield and structural dynamic cal-
culations until the solution of the flow governing equations and the
2-DOF model equations converge to a prescribed accuracy. Details
of this technique have been given previously5,6; interested readers
can see Refs. 5 and 6.

The present problem is as specified in Figs. 1 and 2. If the BEM
is used to analyze this problem, c/d, xr/d, and �/U∞c need to be
specified. These parameters have been deduced from the measured
wake pattern behind the two side-by-side cylinders and are listed in
Table 2. Because the two KVSs are not exactly identical, the vor-
tex separation distance d of the two KVSs is not the same. For the
purpose of the BEM calculation, a mean value dm deduced from the
measured d of KVS1 and KVS2 is assumed. Therefore, the values
c/dm , xr/dm , and �/U∞c listed in Table 2 are used as inputs for the
BEM. Calculations are carried out for the six cases investigated ex-
perimentally and the results of (Y/c)rms, θ rms, and EY are also plotted
in Figs. 9–11 for comparison with experimental data. Considering
the fact that d is not the same for the top and bottom rows of vor-
tices passing the airfoil and a mean d has to be specified instead, the
agreement between measurements and predictions of (Y/c)rms and
EY is excellent. The prediction of the pitching angle is not as good as
that of the plunging displacement, even though the behavior of the
near-aerodynamic and structural resonance is again reproduced cor-
rectly. The BEM manages to replicate the near-structural resonance
and the near-aerodynamic resonance behavior for both (Y/c)rms and
EY . A phase plot of Y/c at fs = 54.7 Hz is given in Fig. 12. It clearly
shows the near-resonance behavior of Y/c. In view of these results,
the BEM, although formulated assuming two-dimensional inviscid
flow and hence no vorticity diffusion, can replicate the phenomenon
of fluid–airfoil interaction in a real flow with finite Reynolds num-
ber fairly correctly. This is evidence of the range of applicability of
the BEM.

IV. Conclusions
An experiment has been devised whereby two parallel rows of

vortices are superposed on a uniform stream with an airfoil placed
symmetrically between the two rows of vortices. The experiment
was set up to investigate the structural and aerodynamic response
of the airfoil resulting from fluid–airfoil interaction due to excita-
tion created by the oncoming vortices. The two rows of vortices
were produced by placing two identical cylinders in a side-by-side
arrangement at a fixed distance ahead of the leading edge of the
airfoil with chord length c. The flow Reynolds number varied from
∼8 × 104 to around 2 × 105. Because it was difficult to ensure that
the two KVSs thus produced were identical and synchronized, there
was a time lag (or lead) between the two rows of shed vortices. This
time lag was equivalent to releasing the vortices from the cylinders
at a separation distance xr . Furthermore, the vortex separation dis-
tance d could be varied by changing the cylinder diameter at a fixed
freestream velocity. These two changes allow the effect of changing
d and xr to be investigated. Six different cylinder arrangements were
studied and this gave rise to six different excitation frequencies and
six different values for xr .

The measured plunging displacement and pitching angle of the
airfoil shows that structural resonance occurs when the excitation
frequency approaches the bending natural frequency of the airfoil.
Furthermore, near-aerodynamic resonance occurs as d approaches
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2c. The experiment failed to get to this condition but was able to
achieve the condition d = 1.87c. At this condition, the power spec-
tral density plot shows a very distinct peak at the excitation fre-
quency, thus lending evidence that the response is close to aerody-
namic resonance.

The wake behind the two side-by-side cylinders was measured
using hot wires. These measurements yielded the wake pattern and
the vortex convection velocity. Thus determined, these wake param-
eters were used as inputs to a BEM technique developed to calculate
vortex–blade interaction. The BEM was able to replicate both the
structural resonance response and the near-aerodynamic resonance
response of the airfoil. This shows that an inviscid formulation based
on the Euler equation for the flowfield and a 2-DOF model for the
structural dynamics was sufficient to reproduce the fluid–airfoil in-
teraction behavior fairly correctly.
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